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REPORT 1140

CHARTS AND APPROXIMATE FORMULAS FOR THE ESTIMATION OF AEROELASTIC EFFECTS
ON THE LOADING OF SWEPT AND UNSWEPT WINGS 1

By FRANKLINW. DIEDERICHand KENNETHL FOSB

SUMMARY

Oharts and approximate jormuks are prexent.edfor the
estimation of aeroef.wtti e#ecfk on the epantie lijl disti”-
bution, lijt-curve slope, aerodywmie writer) and damping
in roll oj wept and unwept wings at wbsoniz and wpersoni.c
speeds. i%m.edesign consideratti brought out by the results
oj thisreport are dticu.wed.

INTRODUCTION

A knowledge of the spanwise lift distribution and of some
of the aerodynamic paraqetwa associated with it is required
for the design of a wing structure. Under certain conditions,
such M high dynamic pressures, thin wings, swept wings,
or wings designed for low wing loadings, the spanwise lift
distribution may be a.ifected to a significsmt extmt by
neroelmtic effects, because a wing which carries a certain lift
necessarily deforms under that lift. If the angles of attack
along the span are changed as a result of this deformation, the
lift carried by the wing is ohanged as well; in turn, this
change in lift causes a change in the deformation of the wing
and hence another change in lift, and so on, until an equilib-
rium condition is reached. The ohanges in the magnitude
and the distribution of the lift are reflected in changes of the
wing lift-curve slope, the wing bending and rolling moments,
the spanwise center of pressure of the lift, and, on a swept
wing, the longitudinal center of pressure.

Inasmuch as the lift produced by a given change in angle
of attack is proportional to the dynamic pressure, the various
aeroelastic effects tend to increase with dynamic pressure.
In fact, for certain wings a suillciently large dynamic pressure
may produce a condition of instability in whioh the change in
lift caused by deformation is greater than the amount of
lift required to produce the deformation, so that a given
deformation will tend to increase until the structure fails.
This phenomenon is aercelastic divergence; since it involves
only torsional deformations in the case of unswept wings, it is
often referred to as torsional divergence.

Several methods are available for calculating these effects
(ref. 1, for instance), but since these effects depend on the
structural characteristiea of the wing, which are not ac-

curately known in advance of its design, the relatively iarge
amount of time required for even the most eflicient of these
methods militates against their use in connection with
prelimimwy design calculations. A need exists, therefore,
for means of estimating some of the more important aero-
elastic effects on the spanwise lift distriiu tion quickly and
with an accuracy that is sufficient for preliminary design
purposw.

Charts and apprcx~ate formulas are presented in this
report for estimating the changes in spamvise lift distribution,
lift-ourve slope, wing rolling-moment coefficient, spanwise
center of pressure, and aerodynamic center occasioned by
amoelastic action of swept and unswept wings at subsonic
and supersonic speeds. Also included are summary charts
which indicate whether the various aeroelastic phenomena
considered are likely to affect any given design. By means
of these charts the conventional procedure of designing a
wing on the basis of certain strength criteria, ohecking it for
aeroelastic phenomena, and then reinforc@~ it, when neees-
sary, to meet the stiffness requirements imposed by these
phenomena can often be simp~ed greatly, inasmuch as
the effect of some of these phenomena can be estimatad ti
advance of design.

The use of the charts is deseribed in the section headed
“Calculation of the Various Aeroelastic Phenomena,” and
some considerations involved in the selection of the aero-
dynamic, structural, and geometric parameters are discussed
in some detail in the Section headed “Selection of l?aram-
eters.” These two sections, as well as the sections headed
“Illustrative Example” and “Preliminary Survey of Aero-
elastic Behavior,” are likely to prove of greatest interest
at a fit reading of this report. The various parts of the
section headed “DiscussionM are concerned with the limita-
tions of the charts, with the light they ~ed on such prnctieal
design problems as the relative signifiosmce of strength and
stiffness as design criteria, with eflicient ways of stitlening
a wing that is strong but not stifl enough, and with the
achievement of aeroisoclinic conditions.

A brief description of the calculations (based on refs. 1
and 2) used in preparing the charts is contained in the
appendixes.

1FrovfonslyreleasedM NAOA TN 2#S, “Cb8rts ond AppmxfmatoForxmdosforthe Estimationof
Dlederlohond KennethA. Fcq I@32
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SYMBOLS

aapect ratio, b’/S
swept-span aspect ratio, ‘~7co#A

cross-sectional area of the (a9sumed) single
torsion cd, sq in.

distance horn leading edge to section aerody-
namic center, fraction of chord

distance from leading edge of mean aerodynamic
chord tmwing aerodynamic center, tition of
mean ~dynamic chord.

wing span, in.

~ SP~ 1- width of fus~age, b-w, in.
wing-root bending-moment coeihcient, 4MJ@%
lift coefficient of wimzs alone (exclusive of fuse-

lage), LJJ5’ - .
wing lifkxrve slope per radian

efhxtive lift-curve slope per radian (d&ed in
eqs. 2 and 4)

rolling-moment coefficient on both wings alone

(exclusive of fuselage), RoUing moment/@’b
wing-root twisting-moment coefficient, 2~,/@’G
chord (measured perpendicular to elaatic axis),

in.
C,+ct

average chord, ~ Jh.

section lift-curve slope per radian

mean aerodynamic chord (pdel to plane of

-e@), ~.
Young’s modulus of”elasticity, Ib/sq in.
distance from leading edge tQ elastic &s, frac-

tion of chord
dimensiordes9 moment arm of the section lift

about the elastic axis, e-u
effective or average dimensionless moment arm
allowable bending stress, Ib/sq in.
root+ tdlncw function
allowable shear stress, lb/sq in.
structural weight function
dimensionless parametem used in approximate

formidas for angle of attack due to aero-
elaatic deformation

dimensionless functions -of the distance along
the span used in approximate formulas for
angle of attack duq to aeroelaatic deformation

modulus of rigidity, lb/sq in.
wing aicknw, in.
section bendipg mo~t of inertia, in.4
section moment of inertia in torsion, in.4 ‘
dimensionless parameters used in appro-kimate

formulas for dimensionless dynamic pres-
sures at divergence

8t (GJ),
dimensionka sweep parameter, ~G ~, tan A

lift of both wings alone (exclusive of fuselage), lb
lift per unit distance along span, lb/in. .

M,

M.
‘n
P
!Z
!Z*

3

s
8

8*

F

p

T
t

t.

k
v
w
w,
w.
w
w*

Y

Y*

T
CE

r

7s

I

W’

7*

71,2,...31

~nb
K

A
A

P

.

bending moment about
to elastic axis. in-lb

an axis perpendicular

free+reiim Ma& number
design load factor
rolling angular velocity, radians/see ,
dynamic pressurci,lb/sq ft ~
dimensionless dynamic pressure, .

~ Cfi=aelc?s? cos A

144 (@J),

dimensionless dynamic pressure,
~ cL=*c#,8 sin A

144 (El),
total wing area, Sq in.
distance along elastic axis meaaured from wing

root, in.
dimensionless distance along ehwtic axis, s/81
distance from root to centm of pressure of lift

along ehwtic axis, in.
dimensionless distance from’ root ‘to center of

P~ Of lift, 3/8/
accumulated torque about elastic axis, in-lb
thiclmess of most highly stressed element of

skin, in.
thiclmess of equivalent skin which includes the

materiaI in stringem and spar flanges, in,
distributed torque due to inertia loading, in-lb/in.
free-stream velocity, ft/sec
design gross weight of airplane, lb
weight of primary structure of both wings, lb
weight of both wings exclusive of fuselage, lb
width of fuselage, in.
weight of prim~ load-camying structure per

unit distance along spare,Ib/in.
lateral coordinate, in.

dimensiordek lateral coordinate ~
‘ b/2

lateral distance to center of pres9ure ‘
angle of attack in a plane parallel to plane of

symmetry, radians
angle of local dihedral, radians; or apanwise

slope of normal displacement of elastic axis
de+ity of the material of the primary structure

(or an equivalent density in tie case of sand-
wich construction), Ib/cu in.

lateral distance measured from wing root,

y—;, in.

dimensionless lateral distance, fi2 ~

factors detlned in table 1
factors defined in equations (16a) and (16b)

/cratio of liftiurve slopes, 05=, L=

angle of sweepbaok at elaatic axis
wing taper ratio, et/G
free-air densi@, slugs/cu ft
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v’

(IJ

PIV2T

Subscripts:
c-s
D
e-
g’

i
0
r
s

f?

angle of structural twist in planes perpendicular
to elastic axis, radians

tip stiflness ratio, (Zl)J(ltl),~

dimensionless parameters used in approximate
formulas for lift, root bending moment, and
roqt twisting moment

constant stress
at divergence
effective .
geometric (due to airplane attitude or built-in

twist)
inertia
rigid wing (for q=O)
at wing root
structural (due to structural or aeroelastic

deformation)
at wing tip

Superscripts: -
i14 due to bending moment
T clue to torque

r due to root bending

Q due to root twist

usE OF THE CHARTS AND APpROWATE FORMULAS

SfJhfMARY OF METHOD AND SCOPE OF CALCULATIONS ON WHICH ‘THZ
CHARTS AND APPROXIMATE FORMULAS ARE BMRD

Although a“ detaile’d understanding of the method and
scope of the calculations on which the charb of this report are
based is not essential to the use of the charts, a brief account
of these matters is given, primarily to aid in the appreciation
of the limitations of the charts. The method is described
more fully in appendix A.

Most of the calculations on which the charts are based
were made by the method of reference 1, which consists in
solving the differential equations descriptive, of an elastically
deformed wing under aerodynamic loading by numerical
methods employing matrix techniques. Treated by this
method were wings with four taper fitios X (1.0, 0.5, 02, and
O), two types of stifh.ss distributions (one proportional to
the fourth power of the chord and one dictated by constant.-
stresa considerations), and four values of a sweep parameter

k at several values of the dynamic-pressure ratio $ Cal-

culated for each case were the dynamic p ressure at dive~ence
and the changes due to aeroelastic action in spamvise lift
distribution, total wing lift, root bending moment, rolling
moment, and spanwise center of pressure of the lift. For
the wings of constant chord and constant stifhws, calcula-
tions were also performed for six values of k by a method
which is an mtension of that of reference 2 and consists in
solving the differential equationa exactly for these relatively
simple cases.

Some appro.simations have been made in the ~culations
concerning the aerodynamic induction effects, the root rcta-
tions, and the stiffness distributions, primarily in order to
hold the number of variables considered in the analysis t? a

,

minimum and ti malte the results more generally applicable.
Aerodynamic induction effects at subsonic speeds are

taken into account by an overall reduction of the strip-
theory loading and, in the matrix calculations, by rounding
off the .Mrip-theov loading at the tip (see refs. 1 and 2); for
supemonic speeds, strip theory is used with a small reduction
at the tip in the matrix calculations. This approximation
has made it unnecessary to consider explicitly the effects of
aspect ratio, sweep, and Mach number on the rigid-wing lift
distribution; the eflects of these parametem on the total lift
and on the aeroelastic increment to the lift distdmtion have
been taken into account. ‘

The rigid-body rotations imparted to a swept wing by its
triangular root portion vary among ~erent designs in a
largely unpredictable manner. They have therefore been
taken into account only by the use of an effective root, the
selection of which in any given case is discuwed briefly in a
subsequent section.

The spanwise distributions of the bending and torsional
stifhxwea depend on the detailed design of the wing and
cannot be generalized easily. The stiffness distributions
used in the calculations of aeroelastic effects were obtained
from the constanhstress concept outlined in appe.mh B,
which constitutes an effort to relate the stiffness of a V@ to
its strength on tbe basis of the following assumptions:

(1) The level of combined bending and torsional stresses
is constant along the span.

(2) The structure is designed for combined bending and
torsional strewes in such a manner that the suq of the ratio
of the actual to the allowable bending stress and the ratio of
the actual to the allowable toreion stress is equal to unity
when the mmgin of safety is zero.

(3) The structure is of tbe thin-skin, stringer-reinforced
.shell type and its main features do not vary along the span;
for instance, the number of spars and their cbordwise loca-
tions are constant along the span.

(4) At the design condition the spanwise distribution of
the applied loading is proportional to the chord.

Also used in the calculations were stitlness distributions
which vary as the fourth power of the chord, as do those of
solid &.gs and wings with geometrically similar crcm sec-
tions; as pointed out in a subsequent section, the results of
these calculations can be used to estimate aeroelastic plm-
nomena of some wings which have large cutouts or which
for some other reason do not have stiflnew distributions
represented fairly closely by those of the constant-stress
type.

All calculations are based on the assumptions that twisting
is resisted primarily by the torsion cells of the w-@ structure
and that the wing deformations can be estimated by means
of the elementary theories of bending and torsion about an
elastic axis. 0

SEf..E~ONOF PARAMETERS

Geometric parameters.-The geometric parametms used
in the analysis are defied in figure 1. The location of the
effective root indicated in figure 1 is discussed in the section
concerned with the structural parameters.
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‘ ‘%Z=I

FIWJRn1.—Defitions of geometricparameters.

Aerodynamic parameters.-The aerodynamic parameter
which enter the analysis are the wing lift-curve slope and
the location of the aerodynamic center. ‘TWO lift-curve
slopes are used at subsonic speeds: The wing lift-curve
slope CL. is used ordy in conjunction with additional lift
distributions; for all other -lift distributions-that is, those
due to built-in twist, due to roll, or due to amoelastic twist-
an effective lift-curve slope cL=C is used. Approximate

values of these parameters are given for subcritical seeds
by the relations

CL==CJ=
A COS A

(1)

A+2 ~ C?OSA

C.=e=c,=
A COS A

A+4 ~ COSA

(2)

where CZ=is the lift-curve slope of the section perpendicular
to the quarter-chofi J.ineat a iMach number equal to MO cm A.
An approximate value is given by

(3)

Equation (1) is given in reference 3 and shown to be appli-
cable both to i.mmmprsible and to subcritical compressible
flow. Equation (2) is given in references 1 and 2 but without
the term OJ=J% in the denominator. This term is intro-
duced into equation (2) in order to extend its applicability

to compressible flows in the same manner ‘m th~t employed
for the coefficient of damping in roll in reference 3. (Tho
lifting-surface corrections given in ref, 3 for the wing lift+
curve slope and for the coefficient of damping in roll & not
included in eqs. (1) and (2) because they are importunt
primarily for @gs of very low aspect ra~io, to which the
method of the present report is not applicable.)

At supersonic speeds (more specifically, for supersonic
leading and trailing edges) both lift-curve slopes are approx-
imately equal to the effective section lift-ourve slope; that is

CL== C.=e= C,=e

where

(4)

The ratio of the lift-curve slopes OLa and OLu,is defied by

(6)

SO that fOr Supersonic Spe(?dSKh 13qUdtO 1,

The local aerodynamic centers are assumed to be at a
constant fiction of the chord horn the leading eclgo, so that
their distances from the leading edge (as fractions of tho
local chords) are all equal to the distance of ~he wing aero-
dynamic center from the leading edge” of the mean aerody-
namic chord (as a fraction of the mean aerodynamic chord).
The moment arm el is then given by the relation

el=e—a , (6)

The lift-curve slope and the locations of the aerodynamic
center vary with the free-stream Mach number; hence the
appropriate values must be used at esch flight condition for
which aeroelastic calculations are made. l?or airplanes
d&gned to operate at subsonic speeds, only the highest
Mach number attainable at the highest dynamic pressure is
likely to be critical from aeroelaatic considerations. l’or
airplanes designed to operate at supersonic speeds no such
general statement can be made; however, at a given altituclo
either the region of Mach numbers near the transition from
the subsonic to the transonic regime or the highest attainable
Mach number is likely to be critical aa far as the aeroelastic
phenomena considered in this report are concerned. (See
fig. 4 of ref. I and fig. 5 of ref. 2, for instance.)

The airspeeds at which the various aeroelastic phenon-mm
are of titerest enter the calculations in the form of the cor-
responding dynamic pressures. These dynamic pressures,
imturn, are expressed in dimensionless form as

(?;=,elc:gtg cos A
~*=&

(QJ)r
(7)

or
(7L=eC,8? Sill A

q=~
(EI), (s)

me parameter q“ is useful in the analysis of unswept wings,
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for which torsional deformations are predominantt; the
parameter ~ is primarily useful for highly swept wings, for
which bending deformations are predominant. In gemwd,
the parameter @is used in this report unless el is zero. The
ratio of these parameters

(9)

is independent of the dynamic pressure and depends only on
geometric rmd structural parameters. This ratio is very
usefti for analyzing the aeroelastic behavior of swept wings.

$truotural parameters, —I?or the purposes of an aeroelastic
analysis, the wing structure is characterized by the location
of the elastic axis and the magnitude and distribution of the
bending and torsional stiflnesses (2?1 and GJ), as well as by
the magnitude of the rigid-body rotations imparted to the
wing by its root.

The elastic axis is usually defined as the locus of points at
which normal loads can be applied without causing the wings
to twist. Such a locus does not geaerally exist for practical
wings; however, for unswept wings without cutouts an axis
can be dotermine~ which approximately satisfies this con-
dition. Similarly, for swept wings without cutouts an elastic’
mris can be defined for the outboard part of the wing if the
wing is considered to be clamped along some such line aa the
effective root show-nin figure 1. In most aeroelastic calcula-
tions the locus of shear centers for both swept and unswept
wings is assumed to be the elastic axis. If the structure has
large cutouts which result in sudden changes in the stiff-
neases and in the shear center along the span, the charts of
this report cannot be used except in a qualitative sense.

The magnitude and the spanwise distributions of the
bending and torsional stiffnesses enter aeroelastic calcula-
tions by means of the charts and approximate formulas in
difleren~ ways. The magnitudes, as characterized by the
vrdues of the sti5esees at the effective root, have to be
known in order to perform any calculations; the distributions
are implicit in the charts. The root stifbwes, if not lmown
otherwise, cam be estimated e~ther from experience with
similar designs, horn the results of the constant-stress concept
outlined in appendix B, or horn a combination of the two.

The required bending stiffness at the root (l?~, is propor-
tional to the design load factor, the wing loading, the wing
thickness ratio, the fourth power of the root chord, the
square of the swept-span aspect ratio @/coszA), and the
ratio of the modulus of elasticity to the allowable bending
stress and depencb on the taper ratio and on the detailed
design of the wing (see appendix B). By means of this
relation the bending stiffness of one wing can be estimated
from that of a reasonably similar wing. ti, with the con-
stants of proportionality qn and Y. given in table 1 and
appendix B, respectively, which take into account some of
the detailed design parameters as well as the taper ratio,
the stitlness can be estimated directly. However, in view of
the fact that these constants have been derived on the basis
of, a highly idealized structure and loading condition they
must be used with caution. The ratio of the root bending

TABLE 1.—DEFINITIONS OF THE FACTORS ~1TO ~

73=71—71

1
“-1 +- Margin of safety

~,= Ordinate of most highly strwed element
One-half of wing thicknef9

Actual skin thiokma of most highly stressed element
76= Equivalent skin thiokn- of most highly stressed element

~= Crose-sectional area of (assumed) single torsion call
ChordX Wing thickn-

Perimeter of torsion mll~=
Twice the ohord

~= Effective perimeter ~ of torsion cell
Actual perimeter of torsion cell

‘Width of equivalent sheet
710= Chord

Average ordinate of upper skin
‘“= hlasimum ordinats of upper skin

Equivalent t~cknem of lower skin
‘“-Equivalent thichmem of upper skin

Maximum ordinato of lower skin
“3= One-half of wing thicknew

Averag e ordinate of lower skin
‘1”= Ma*um ordinate of lower skin

0 Allowable toreion stress
7’0= AIIowable bending stress

.

mm
710=—Wind

~2,= Equivalent p&imeter ~ of torsion cell
Actual perimeter of torsion cell

sti.ilness to the root torsional stiflness can be estimated
by means of equations given in appendix B or, preferably,
from experience with structures similar to that under
consideration.

The spanwise stiffness distributions need not be known in
detail in order to use the ch@s and approximate formulas.
If the wing is solid or nearly solid or if its cross sections are
geodetically similar at all points, the charts for stifhess
distributions proportional to the fourth power of the chord
are used. If the wing does not have large cutouts and is
designed for a constemt stress level, the charts for the stiff-
ness distributions associated with constant stress are used.
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The use of these charts tends to overestimate aeroelastic
effects to some extent because, although actual wings are
designed for constmt stress over most of the span, the por-
tions near their tips are designed on the basis of other con-
siderations, such as handling loads or minimurh standard
sheet thicknesses; therefore, wings tend to be stitler near the
tip than they would be if designed on the basis of constant
stress throughout. This difference in stiffness is particu-
larly large if the t;per ratio is zero.

If the wing contains large cutouts or if, for any other
reasoti, the wing stiffness distribution is known to be sub-
stantially differat from a constant-stress type, the charts
can be used to furnish semiqualitative results for the various
aeroelastic phenomena by wing fictitious stiilnesses, pro-
vided the actual stiffness distribution is known at least
approximately. The root stiflnesses of these fictitious dis-
tributions may be asmmd” to be the ones that give rise to
hvist or bending angles at the tip which are the same as
those of the actual wing if the bending moments or tortpws
vary as the square of the distance from the tip. For con-
venience, the spanwise distribution of these fictitious stilY-
nesses may then be assumed to be proportional to the fourth
power of the chord. On the basis of these assumptions,

(lo)

where the subscript e refers to the fictitious stiflnes-s, and
where the integral represents the moment of inertia of the

-1

arm under the function ~ plotted against S* about the
EI

—1. The fictitious txmsional stfies.s at the rootpOiUt 8*—
can be obtained in the same msmner. The aeroelastic
phenomena can then be estimated by use of these fictitious
root stiffness and the charts for stifln~- distributions
proportional to the fourth power of the chord.

In the derivation of the charts the wing is considered to
be clamped at the effective root perpendicular to the elastic
axis. J?rom the data and analyses presented in references
1, 2, 4, and 5 a satisfactory location of the effective root
appears to be at the intersection of the elastic axis and the
side of the fuselage.

If the rotations at this effective root are known as a
res@t of deflection tests or a detailed anal@s such w that
of reference 5, the root twist due to torque and the root
bending due tQbending momqnt may be t.alceninto account
by moving the effective root inboard by the distance

A8’=~;(QJ)r (11)

or

Asr=~x (EI), <12)
r

where w,= is the aw~le of twist at the root due to a root
torque 2’,, and where I’,~ is the deflection slope at the
effective root due to a bending moment ilfr. Site the

distances A#’ and Asr may diiler from each other, some
compromise between the two must be made; for unswept
wings the use of Asw appears to be indicated, wherma for
highly swept wings the use of A# is more appropriate.

PRELIMINARY SUEVEY OF AEROELAS+IC BEHAVIOIt

The information contained in some of the subsequent
sections has been summarized in figure 2 for the purpose of
ascertaining in advance of more detded estimates, if desired,
whether the aeroelastic phenomena considered herein me
likely to aflect the design of the wing structure. This pre-
liminary survey is not essential to any of the further calcu-
lations but may show them to be unnecessa~ in some cases.

The Charb of figures 2 (a) to 2 (d) pertain to wings of
taper ratios” O, 0.2, 0.5, and 1.0 and constitute plots of the
dynamic-pressure. parameter Q* de.il.ned by equation (7)
again~t the sweep parameter k defined by equation (9).
Them parameters contain the root st.iffnewes ((V), rmd
(El),;. if, when a preliminary survey of aeroelastic effects’ is
to be made, no information whatever concerning the wing
stiffness is available, the following relations for q* and k
may be used:

OL- el (1 +A)’ cos A
(13)

(14)

where F, is a root-stifhm parameter defined in appendix
B and plotted in figure 3, and where?= and q~are deiined by

(16b)

in terms of some of the factors defined in table 1.
Figure 2 (e)~ertains to wings for which the moment arm

el is zero and, hence, k is infinite; with the degree of approx-
imation involved ~ the use of figures 2 (a) to 2 (d), ,fignre
2 (e) can be used for wings with Ikj >25. This figure con-
sists in a plot of the dynamic-pressure parameter ~, defined
by equation (8), against the taper ratio A. If no informa-
tion is available concerning the root bending stiffness (~~,
contained in ~, the following relation may be used:

The various lines of the charts of figure 2 desigrmt.a the
conditions at which a wing designed on ihe b~ of strength

cunsidemtimw alone is likely to encounter divergence or span-
wise ahifta of the center of-pressure by various amounts;
positive shifts are those toward the tip. These spanwise
shifts furnish an estimate of the increase in root bending
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FIGURE2.—Clmrtafor a preliminarysurveyof aeroelastiophenomena.

moment due to aeroelastic action and an estimate of the
shift in wing aerodynamic center, since

AZ
AZ=tin A — (17)

, c~.4u

Inasmuch as the parametem q* and ~ contain the dynamic
pressure, the negative values of g“ shown in figures 2 (a) to
2 (d) may require some explanation. The four quadrants of
each of the charts of @es 2 (a) to 2 (d) maybe characterized
for practical purposes as follows:

Qumimnt heap Cl DivergenQ3 SIdftin3

1 Brick Pa3Mve ba@xsik~lmwm:d Im=rWOu: a

2 Forward Pmitivo Likely . Ontbaard

3 Back Negntive hmh Inbaard

4 Fcaword Negat[vi Pu&#J.3Y.3Y; a On= ~-o:d a

For unswept wiqgs k is approximately equal to zero, and the
aeroelastic phenomena referred to in the charts of figures
2 (a) to 2 (d) are similar to those qf swept wings defined by
-.:-4- :- -.. .J---A c1:4?-* :- ---: L:-_ --3 l.—--:- 4.-:- --. --3

m pwlblve Wlu Uy pulUL!5 Ml qlllu.l-

In other words, the aeroelastic

phenomena of unswept wings are similar to those of swept-
forward wings if el is positive and to those of sweptback
wings if el is negative. The aerodynamic-center shift asso-
ciated with the shift in the lateral cmter of pressure ~ or in
the spanwise center of pressure Z is always forward, except
for small positive values of k (associated with. sweep angles
smaller than a certain value), in both quadrants 1 and 4.

The significance of negative valuea of q* is that el is negw
tive, rather than that q is negative. A negative value of el
may be obtained at supersonic speeds, but under most con-
ditions e, is likely to be positive. Similarly, in figure 2 (e)
a negitive value of ~ implies that A is negative (that is, that
the wing is swept forward); whereaa Q positive value implies
that the wing is swept back.

In usbg figures 2 (a) to 2 (d), estimates must be made of
either the root stfi- (~ conjunction with eqs. (7) and
(9)) or of the effectiveness factors q=and q, (for use in eqs.
(13) and (14)). The factor ~, is obtained from figime 3 for
the largest value of el likely b be encountered at the design
load factor and for the given taper ratio x The parameter
q* is calculated for the combination of dynamic pressure q,
lift-curve slope 0.=8, and moment arm el which is likely to

be critical horn an aeroelastic point of view. l’or an unswept

.
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wing the combination for which the product @7..acel is a
I

maximum is likely to be critical; for a swept wing the combi-
nation for which @2’s, is a mtium is lilcely to be critical.

The parameter k is then calculated for the same value of el.
The values of q* and k define a point on one of the charts

of figures 2 (a) to 2 (d) (whichever is closest to the actual
taper ratio). If the shift in spanwise center of press~e (and
any associated shift in the aerodynamic center) at that point
is smd and, in the case of an “unswept or a sw-eptforward
wing, if the absolute value of the ratio of the value of q“ at
that point to the value of q“ at divergence for the value of
k at that point is small, the static aeroelastic phenomana
discussed in this report probably need not be taken into
account in designing the wing structure. On the other hand,
if the point on the chart indicates the likelihood of significant

aeroelastic effects on the spanwise center of pressure or tho
possibihty of an approach to the divergence condition, furthm

.calculations are desirable. The charts of this report maybe
used for the preliminary calculations; once the structure has
been designed, more refined methods such as that of roferonco
1 maybe used.

If the moment arm el is se small or the angle of sweep so
large that the parameter k exceeds the range covered by
figures 2 (a) to 2 (d), the chart of figure 2 (e) may bo used for
the purpose of a preliminary aeroelastic appraisal of the given
wing. In this figure only the parameter Z is required, since
k is considered to be infinite. The parameter ~ can be ob-
tained from equation (16). The analysis &,en proceeds in the
same manner as foi-figures 2 (a) to 2 (d) using, m the pmameter
~, tie condition for mtium @L=C.

.

‘.

4
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FIQmm 2.—Continued.

.’



b

754 REPORT 114~NATIONAL ADWSORY COMMPITEEFOR AERONAUTICS

S40sepporometer, k (
(d) -Wigs of taper mtio 1.0.

\ FIGURE2.—Continued.

. .
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Taper ro!io, i

(e) Wings with moment arm e,=O (or llcl>25).
lWu- 2.—Concluded.

,

Taper mtio,~

FIcwm 3.—The root+til%mae funotion k’.
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CALCULATION OF THE VARIOUS AZROZLASTIC PHENOMENA

Dynamic pressure at divergence.-The solutions for the
divergence speed obtained by the direct method in reference
2 and those obtained by the numerical matrix method given
in appendix A e-anbe summariz ed by approximate formulas
which give the dimensionless p~ete173 q*~ and ID (tie

values of the parameters defined in eqs. (7) and (8) that
correspond to the value of the dynamic pressure g at diver-
gence) in terms of their ratio k defined by equation (9).

These approximate formulas are

and

(18)

(19)

Whexr the angle of sw~ep is zero, equation (18) reduces to

g*D=& ~d when the moment arm el is zero, as it may be

~ Thein supersonic flow, equation (19) reduces to ~D= ——

constants K1 and& are given in table 2 for wings with taper
ratios of O,02,0.5, and 1.0 for both types of stiilness distribu-
tions; the parameter q*~ for unswept wings and the parameter
~~ for swept wings with e,=O are plotted against the taper
ratio k in tl.gures4 (a) and 4 (b), respectively.

With the valuea of q*D or ~. given by equations (1$) and
(19) and the definitions of these two parameters given by
equations (7) and (8), the values of g required for divergence
may be determined. If desired, the corresponding airspeed
may be detminined from the relation

The Vrdue of gLI~ often negative for sweptbac.k wings, and,
since a negative dynamic pressure does noti correspond to any
real speed, these wings cannot diverge. These negative
vdu~ of @, nonetheless, ~ usefd as ~fer~ce values h

rABLE 2.—VALUES OF THE COEFFICIENTS K, MW Kj
—
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other aeroelastic phenomena. (If the negative value of g.
is very low in absolute magnitude, divergence in a higher
mode associated with a positive @ is conceivable. ~owover,
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for the ordimuy wings with straight leading and trailing
edges and substantially straight elaatic axes to which the
analysis of this report is applicable, the magnitude of the’
lowest positive q~ iE always much larger than the absolute
magnitudo of the negative qD associated with the fit mode.
Higher-mode divergence of a practical wing for which a neg-
ative qDis indicated by the analysis of this report is therefore
very unlikely.)

The values of the constants.& and Kz given in reference 2
diiler somewhat from the corresponding values resulting from
the matrix solution in appendix A. The matrix results are
probably more significant because they are based upon more
realistic aerodynamic assumptions; the K1 and KZ values in
reference 2 tend to give conservative results.

The value of q~ calculated for any given value of g*~ or
~D depends on the value of the effective Iifh.mrve slope C’L=C

or Cla, and, hence, on the Mach number. As suggested in

references 1 and 2, the vahIe of @ calculated at various
Mach numbers may be plotted against Mach number. If
lines of the actual dynamic pressure at several altitudes as a
function of Mach number are drawn on the same plot, an
intersection of the divergence line with one of the line9 of
actual dynamic pressure designates possible divergence at
that value of dynamic pressure, Mach number, and altitude.
If this plot is on log-log coordinateaj the lines of actual dy-
namic pressure are straight and tie ratio of the dynamic
pressure at divergence to the actual dynamic pressure at a
given Mach number and altitude can be scaled”off directly.
(See refs. 1 and 2.)

Spanwise angle-of-attack d.istributions.-In appendix A,
an apprc.ximate espreasion is determined for the change in
angle ‘of attack due to wing flexibility. For the additional-
type angle-of-~ttack distribution (% is constant) the angle
of attack due to structural deformation a, is given by .

The functiomf, and A~l of the spamvise coordinate s“ and
the function ~1 of the parameter ii are given in figure 5 for
swept wings with taper ratios of 0.2, 0.5, and 1.0 and with
the two diiTerent types of stiffness distributions. For wings
with zmo taper ratio the structural deformation cannot be
obtained from equation (20), as is pointed out in appendix

A. However, the ratio K ~ as a function of the spanwise

coordinate 8* is shown in figure 6 for the two different stiff-
ness distributions, several values of gjq~, and several values
of the parameter k.

The spanwise distribution of % due to a linear twist
(crg=8*a.J, which maybe either symmetric or antkym.nmtric,

is approximately

—– qlq”ci*
‘— (fi+r,Af$ (21)

C%’ _&1
qD

where tie functiom J, Ajz, and ~Z are given ~ -7 for
wings of taper ratios 0.2, 0.5, and 1.0. The ~gl~f-attick
ratio is shown in figure 8 as a function of s*, dgD, ~d k for

wings of zero taper ratio.
The results of equations (2o) and (21) may be superim-

posed. .E’oresaqple, if the spanwim distribution of 4 due

to rolling is to be found, these equations must be added in
such proportion that

b
~=y* ~v

But

Y“=:+: 8*

so that

(

b’ b’ * pbaz= l——
)

~+~g ~

where pb/2V is tbe angle of attack at the
The distribution of a, due to roll is then

(22)

tip due to roll.

Spanwise lift distributions .—n desired, the lift distribu-
tions can be obtained for the angle-of-attack distributions
given in the preceding section by one of the commonly used
methods of calculating spamvise lift distributions, such as
that of reference 6 or by the approximate method of reference
7. However, the folIowing method is simplar and,. within
the approximation of the present report, as accurate pro-
vided the rigid-wing (q= O) loading ~ is calculated by the
methods of reference 6 or 7 or is obtained from the charts of
reference 8 or, in general, by an accurate analytical method.

Within the framework of the assumptions made in the
analysis the lift per inch of span is proportional to the local
angle of attack, so that

(24a)

for geometrical angl~ of attack. which~are constant along
the span, and

;=l+SS (24b)
% aft

for geometrical angles of attack due to linear twist, where

K: pnd a,/ciClare obtained as indicated in the preceding

section.
If no better approximation is available for the loading 10

(which is likely to be the csse at transonic speeds), it may
be estimated for geometric anglea of attack which are con-
stant along the span from the relation

h U cL=cq% (25a)
,

e
and for all other geometric angles of attack from the relation

4 ~ o~=,cqaz (26b)
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Lift and moment coefEcients.-The wing lift coefficient
c~u, the wing-root bending-moment coefficient C., and the
wing-root twisting-moment cxmilicient OT may be obtained
in terms of their respective rigid-wing values by means of
the following approximate expressions:

1–:(1–4C=m .~=
1—;

(26)

(27)

qD

c.
l—:(l—TV)

=0= ~_?_
(28)

qD

where the coefficients v, P, and T depend on the type of
loading. The subscript. 1 is used for additional-type angle
of-attack distributions and the subscript 2, for linear-twist-
tgpe angl~f-attack distributions. The cceflicients v,, M,
and ~1are given in figure 9 as functions of the parameter k
for wings of taper ratios 0.2, 0.5, and 1.0. l?or wings with
taper ratio zero the ratios of the lift, bending-moment, and
twisting-moment coefficients to th& respective rigid-wing
valum ~e given in fi~e 108-6& fiction of q/~Dfor Seved
values of the parameter k. The values of v*, W, and 72are
given in figure 11 for wings of taper ratios 0.2, 0.5, and 1.0,
and ratios of the lift, bending-moment, and twisting-moment
coefficients are given in figure 12 for wings of zero tapti ratio.
The additional-twist and linear-twist redts of equations
(26) to (28) maybe superimposed in the same way as those
of equations (20) and (21).

The-wing rolling-moment coefficient OZWis defied as the
rolling moment of the loads on both wings about the fuselage
center line divided by @b. Therefore,

2ikf, cos A+2Tr sin A+:L
(29)

The angle-of-attack distribution due to rolling given in
equation (22) must be used in finding the values of M,, T,,
and L in equation (29).

Spanwise centers of pressure and aerodynamic centers.—
The spanwise location of the center of pressure is given by
the distance

or the di.mensionles distance

-* c.
s‘e.= .

(30)

(31)

(Inasmuch as ?“ is ‘equid to S* b-y virtue of the definitions of
ihose &nensio”&les quantitiw (see also fig. 1), eq. (31) can
be considered to be an expression for F* rather than 3*, if
desired.) With the values of the bending-moment and lift
coefliciente given in ‘the preceding section, the ratio of ii to
its value for the rigid wing may be calculated from either of
the equations

1—~ (1—pv)
ii !?D_—=

80
1–1 (1 _v)

qD

AZ
V&-1)

~.
So

1 –1 (1 _v)
qD

(32)

where the shift in spanwise center of pressure AZ is defined
as 3—30,and whare yl and VIare used for constant geometrical
angles of attack and pz and vs, for limmrly varying geometri-
cal angles of attack.

The Shift due to aeroelastic action of the longitudimd
position of the center of pressure associated with a given
s.bift of the spanwiee center of pressure is equal to sin A A%.
The shift in aerodynamic center (positive when rearward, or
stabilizing) can consequently be calculated by substituting
@to equation (17) the value-s of A3 obtained from equntion
(32) with VdU- of P, and V,.

Ihertia effeots .—No charts are presented in this reNort for
the efFectsof inertia on quasi-static aerockwtic phenomena—
that is, aeroelastic phenomena a.saociated with flight at
constant acceleration; the manner in which maas is distrib-
uted varies so widely among diflerent wings that preparation
of a gene@ly applicable set of charts for inertia effects
appears to be impractical at present. lhrtharmore, mcept
for flying wings, the wing deformations due to inertia loads
&e small compared with those due to aerodynnmio loads,
the two types of loads being in about the same ratio as the
wing freight to the weight of the entire airplane. If clbsinxl,
however, inertia effects and the aeroelastic increment in
these &&cts can be estimated in the manner described in
the following paragraphs.

Frcm the lmo-ivn or estimated maas distribution of the
wing the inertia load ~ per inch of span and the inertia torquo
h per inch of span can be calculated for any given normal,’
pitching, or rolling acceleration. Substitution of these loads
and torques for the terms 1 and Zelc in equations (A3) or
(A36) and equations (M?) or (A35), respectively, yields’ the
values of the accumulated bemling moment and torque due
to the distributed inertia loads and torques. h turn, sub-
stitution of these accumulated bending momenta and torques
in equations (A4), (A6), and (A6), or in equations (A37)
~d (A3s) and the matrix equivalent of equation (A6),

yields the angle+f-attack distribution due to the deforma-
tions caused by the inertia eflects associated with the given
acceleration.
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This angleaf-attwk distribution can be considered as a
geometrical rmgle~f-attack distribution. I?or the purpose of
calculating the increment caused by aeroelastic. action, this
distribution can be approximated by a linear-tit angle-
of-attack distribution with a value at the wing tip which
is such that the moment about the effective wing root of
the area under the linear-tit distribution equals the mo-
mont of the area under the calculated angleaf-attack dis-
tribution due to inertia effects. (The moment, rather than
the area, is suggested as a basis ff correlation because the
angles of attack nen.r the wing tip are more important: in
oeroelastic phenomena than those at the wing root.) The
justification for this rather arbitrary approximation to the
angle+f-attack distribution is as follows: As previously
mentioned, the vzing deformations due to inertia loads are
likely to be small compared with those due to aerodynamic
loads; furthermore, the correction to be applied to these
deformations as a rcw.dt of aeroelastic action is usually
small compared with these deformations and, hence, is very
small in comparison with the total wing load, so that the
correction need not be calculated as accurately as the cor-
rection for aeroelastic effects to the rigid-wing lift distribution. ‘

The angle of attack due to structural deformation a, asso-
ciated with the linear-twist distribution can then be obtained
from equation (21) and figure 7 or, if A=O, horn figure 8.
The lift distribution associated with the total angle+f-attack
distribution due to the deformations caused by the inertia
effects, including the increment in this angleaf-attack dis-
tribution produced by aereehtstic action, cam then be found
from equation (24b), in which ax and & pertain to the cal-
culated angle+f-attack distribution due to the inertia effects
(not the linear approximation to this distribution). This lift
distribution can be integrated to obtain the lift, bending
moment, rolling moment, and aerodynamic-center position
due to inertia effects, as modified by aeroalastic action.

The lift and rolling moment calculated in this manner
may then be combined with the lift and rolling moment for
steady. level or rolling flight calculated by the method out-
lined in the preceding sections. J?or instance, if the con-
tributions of the tail and the &selage to the airplane lift
can be neglected, the wing lift can be written aa

7w-w.)=& (vC.=,aqS+ & an

aLu() is the total normal force per unit load factor”where ~ ~

due to inertia effects, including aeroelastic effects; it is equal
to – W. plus the lift on both wings due to inertia eifects,
m modified by neroelastic action, per unit load factor and
is almost always negative. b the preceding equation (%=,

is a wing lift-curve slope which includes sbtic aeroelastic
effects and is equal to (?La multiplied by the factor on the

right side of equation (26). Then

1“1 C=a,aqS

‘=izz ~ 1 aLw w– w.
()‘W–W. an ,

~ CL=. ~aqs .

‘in w– w.

.
where

CL=,,,=
1

aLw ‘=”8
()1–W:W. lx ,

is a wing lift-curve slope which includes static tywoelastic
effects, inertia effects, and aeroelastic modification of the
inertia eifect.s.

ILLUSTRA’HVE EXAMH,E

The parameters of a swept wing, which diilers froq the
wing of the illustrative example of-reference 1 only in the
width of the fuselage to which it is attached, are given in
table 3. ‘The values of ASP and Asr were calculated from
the dimensionless roohrotation constants used in the
example of referance 1, QP~= O and &K= —.0.25, by means

of tbe relations
Asp= QP=W.

where w,, as defined in reference 1, is the distance along the
span -between the effective root and the innermost complete
section of tie torsion box perpendicular to the elastic axis.
In the wing of the. illustrative example9 of the pre9ent

TABLE 3.—P&AMETERS OF WING USED IN
ILLUSTRATIVE EXAMPLE

1 Geometrical pnmnetm II slrmturdmmraetem I
f-i.. _.__...: ----.------.-.-_4 6--–.-..-–.-.-—-–--. ---QM

8;W%.-::::::-:::::::::::ti::d
!$%%?g:~-:=t%?$b, in. —---.. --––. -------.=.4

‘ Wm In. ------.--—--.-..-.-.-.mo --={”’1’El @~, _-=_..___u c& ~
WR in ---—-_.----.-.–----la7 *T, ~._- ~ o
% in. -–.---.-.--–..-------.W8 &r in. -_. —-–_. --__-s. 6
Cbin. ---- — . . ..----–----.54.2
h ----- .-.-- .-.-– --.-. -----.-am

A8,h. ---. —--. —_–__40

WAG h ---—--.----.. -ICKL4 m (-##A.Y), fn.-.!am,
L 1 I I

Aer@mmio w’ametm

I smsnnfu I &wp-scgo
(afa5s) -. I

a.-—___ ----. --—----------------- 0.25
h .-..--———-———.--———---------
CL*

m194 w.-——-—------.-.--------——-- 27a 4.fn
L---..----.-—-------------------------- CL78 Lm

Amdestiommmetom

Sul?amio $nwnio
W<O.85) @d-=L6)

k----------------------------------
E, -.–------.–.--------–– H!
~-------------------------------

F$

~:-FGE::”---–--::I:::::III:

0.474 a474
–L NS -0.0774

--. -- ——--. -.-. .-- ———------------
%??J

%I:::::z::z::::::::::::::::x:::: ~w
%%

-#g
m—.-—---.--------—------------——
PI----. -.-. ----.. —.-. --——— ---------- L3CG 1.Ss
CL” 1-0.84s~

9D
1-0.833:

_ ----- _- — —-----------------
14 ~_g

Q’D 9D
.“

;
1-CLM3: l-am ~

v --—-.-—.-—-.-—---—------——-
80 ~*5 g-

~D
1-0.2s $



—

776 REPORT 114&NATIONAL ADVISORY COMMCITEE FOR AERONAUTICS

report and of reference 1, w; is 22.4 inches. These relations
for Asp and AN can be obtained from equations (11) mid (12)
of the present report in conjunction with the definitions of
the roohrotation constants given in equations (15a). and
(15d) of reference 1; in the notation of the present report
the ddi.nitions are

prT/l’r

‘vp=wJ(flJ)r
——

The stiffness is assumed to vary as the fourth power of the
chord in the example of the pre9ent report.

The subsonic and superwnic values of the parameter k
were calculated from equation (9). By means of ap-
propriate values of the constants& and Ka taken from table
3, the valuea of q*~ were calculated from equation (18) and
included in table 3. l?rom th&e values of ~*D, the sub-
sonic and supersonic dynamic pressures at divergence were
found through the use of equation (7) and are given in table
3. These vahms of @ vary as the reciprocal of the &ective
lif&curve slope, the corresponding values of el being assumed
to remain constsmt.

In order tQ find the angle-of-attack distribution for
additional-type loa.d@s hwm equation (2o), the values of
~1 and of the functions ~1 and Aj, were taken from figure
5 (c). The spanwise change in angle of attack is shown in
figure 13 for different values of the dynamic—prewure ratio.
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Fxmm 13.—Effeot of aeroelasth aotion on some aerodynamic proper-

tie9 of the wing used in illustrative example.

obtained from figure 9 (o)
and substituted into equations (26), (27), rmd (28). The
wing lift coefficient wing rolling-moment coefficient, nnd
spanwise center-f-pressure ratios, as well m the shift in
aerodynamic center, were calc~ated by use of these ap-
proximate equation9 in conjunction with equations (17)
and (29) and are shown in figure 13 as functions of tho

dynamic-p !7ressure ratio —.
‘qD

, DISCUSSION ‘1
LIMITATIONSOK~ CHARTSANDAPPROXIMATEFORMULAS

The .ch& and the approximate formulas presented in
this report are subject to certain limitdions as a result of
the approximations made in the calculations on which tlmy
are based. These limitations take the form of restrictions
on the plan form, on the speed regime, and on the wing
structure. The resdts obtainable by the use of the clm.’rts
are likely to be unsatisfactory for wings of very low aspect
ratio or very large sweep and relatively unsatisfactcny for
wings of zero taper ratio.

Wings of low aspect ratio are ruled out on three counts:
(1) the extent to which aerodynamic forces are overestinmtad
in replacing the wing by one with an effective root and tip
is larger for wings of low mpect ratio than for win@ of
high aspect ratio, (2) elementary beam theory is unsatisfac-
tory for calculating the deformations of wings of very low
aspect ratia (bemuse the effects of end constraint, sheer lag,
shear deformation, and bending-torsion interaction are
more important when the aspect ratio is low), and (3) the
assumptions made concerning the lift distribution of the
wing are more nearly true for wings of high than for those
of low aspect ratio.

For wings with very large angles of sweep, also, tlm uso of
an effective root and tip introduces relatively large errors in
tie aerodynamic forces. Furthermore, the root rotations

neglected in the calculations (bending rotation due to tor-
sion and twist due to bending) are likely to be importtint
for wings witi large angk of deep.

The aeroelastic analysis of wings with zero taper ratio
entails certain mathematical difficulties which do not arise in
the case of wings with nonzero taper ratio. The stiffness of
such wings is zero at the tip and very low near the tip, so that
the boundary conditions for q and I’ given by equations
(AlOa) to (A1OC) in appendix A are indeterminate. As n
result of ‘the relatively large values of the reciprocal of the
stiihxs near the tip, the numerical-integration methods usocl
in the matxix calculations are less accurate. These &iliculLies
also occur in oti,er methods of solving the aeroelastic equa-
tions, such aa energy methods. l?urthermore, the structuml
behavior near the wing tip is not represented adequately by
elementary beam theory. Finally, that the aeroelmtic results
calculated for wings of zero taper ratio are not as reliable M
those for other wings is evidemced alsciby the fact th~t they
do not lend themselves to systematization by means of
approximate formulas, as do the aeroelastic results calculated
for other wings.

As a result of these ‘considerations delta wings am unsuit-
able for aeroelastic analysis by means of these charta because
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they have low aspect mtios, large angles of sweep, and zero
taper ratio.

In order to use the charts two aerodynamic parameter
must be lmown for any given case: the effective wing lift-
curve slope and the section aarodfiamic center. From an
aerodynamic point of view the charts of this report may be
used in almost all cases for which the% quantities are @own.
The exceptions stern fkom the fact mat the spanwise distribu-
tion of the lift on the rigid wing is assumed to be proportional
to the chord, and the distance from the section aerodpmnic
center to the elastic axis (as a fraction of the chord) is
assumed to be constant along the spaD. These assumptions
are not valid for wings with large angles of sweep and wings of
low aspect ratio, as implied previously. They are also invalid
to a greater or lesser extent for most wings in the transonic
region, Consequently, even when the lift-curve slope and
the section aerodynamic center are lmown, any results
calculated for transonic speeds must be used with caution.
, Another aerodynamic assumption implied in the than% is
that no concentrated aerodp.mmic forces, such as those due
to a tip tank or rmcelle, act on the wing. Relatively small
nacelles in the inboard half of the span can probably be
ignored for the purpose of an aeroelastic analysis at the
prelimimwy design stage. However, large tip tanks cannot
usually be ignored even in a preliminary aeroelastic analysis;
the aeroelastic phenomena may in such cases be greatly
underestimated by calculations made with the charts of this
report.

The assumption concerning the applicability of elementary
beam theory to the calculation of wing deformations due to

. aeroelmtic action serves to restrict the wings that can be
analyzed by means of the charts to those of moderate or high
aspect ratio, as stated previously. Neglect of chordwise
bending (elastic camber) effects in the calculations on -ivhich
the charts axe based serves to “impose a lower limit on the
thickness of the wings for which the charts may be used.
Whether this limit is within the region of practical thiclmesses
is questionable, however. The divergence teats of reference
2, which were performed on flat plates of moderately high
aspect ratio and with a thickness of 2.5 percent, showed no
obvious chordwise bending effects, although the relatively
small differences between the measured and calculated
divergence speeds may have been due in part to such effects.

As mentioned previowly, for figs with taper ratios
between O and 0.2 the results of aeroelastic calculations are
likely, to be relatively unreliable. I?or taper ratios greater
than 0.2, the stillness of actual wings tends to be greater
near the tip than that given by the cmstant-stmss criterion;
consequently, any given aeroelastic @ect is likely to be some-
what less than that calculated on the basis of n constanti
stress stifhas distribution but much larger than that
calculated on the baais of a & distribution.

If a given structurecontti large cutouts which give’
rise to diecontinuities h the StiSSS distributions, equation
(10) can be used to calculatea fictitiowmot stifkw to be
used in conjunction with charts for c%ype stifhws distri-
butions, provided the m@tudes of the discontinuities aro-
known or can be estimated.

Use of the charts of this report is,premised on the aasump-
tiou that the elastic a is at m approximately constant

321000-G~o

fraction of the chord. If the location of the elastio axis
variea somewhat aking the span, the use of an average value
tends to give satisfactory results for the aeroelastic phe-
nomena of swept wings; for unswept wings, however, the
results obtained on the basis of this approximation have to
be used with caution. If the elastic axis exhibits abrupt
shifts along the span as a remdt of large cutouts or for other
reasons, the charts should be used only for moderately or
highly swept wings. This restriction is mitigated to a
certain extent by the fact that an abrupt shift in the locus -
of shear centem does not necwmrily imply an equally large
or equally abrupt shift in the elastic asis.

RBLATIONBETWZEN STEZNGTH AND STIFFNBSS AS DESIGN CE.ITERIA .

The strength of a structure is its abili@- to withstand
applied loads without failure; the stiffness of a structure is
its ability to deform relatively little under the applied loads.
The two terms are related (a fact which forms the basis of
the constant-stress type of stiilness distributions used in
this report) but are not synonymous. The problem of when
to design for strength and when to design for stiffness and
the related problem of how to design a wing for stifi!nea.s
when required to do so have been recognized for along time.
Because of the complexity of these problems no generally
satisfactory solution axista at present, but the charts pre-
sented herein shed a certain amount of light on the problem
insofar as .stifbmas requirements occasioned by the aero-
elaetic phenomena considered in this report are concerned.

The charts of figure 2 indicate the intent to which a wing
is likely to be affected by aeroelastic phenomena-that is,
how far it is from divergence and how much its spantie
center of pressure is likely to shift as a result of aeroelastio
action, prwided the wing i8 desigwd on the bwnk of strength
cowid.eratti ahne. If the margin agtit divergence is
too small, or if the spantie center of. pressure and the
associated shift in the aerodynamic center are deemed
excessive, the wing has to be stiilened beyond the amount
associated with the required strength. The charts of figure 2
therefore serve to del{mit the regions in which a wing can
be designed on the basis of strength considerations alone
and those in which stiffness considerations predominate,
at least to the extent of satbfying the stiflness requireme@s
associated with the aeroalastic phenomena considered herein.

The bending momaut of inertia required by considerations
of strength alone for the root ‘section of a wing is directly
proportional to the design load n(W—WJ, to the spanwi.se
coordinate of the center of pressure, and to the wing thick-
ness at the root and is inversely proportional to the allowable
bending stresz” FB. Alternatively, this bending moment
of inertia maybe considered to be proportional to the design

‘(W— ‘w), ~ the square of the wing area, to~ loading ~

the wing thiolmess ratio at the root, and to a function of

(
the taper ratio which is

1+21
(l+A)f

if strip theory is aasumed to

)
apply ; it is inversely proportional to F~ and independent

of the aspect ratio. T&se relations for the bending
moment of inertia required by considerations” of strength
alone are implied in the following discussion of structural
requirements imposed by considerations of stiffness.
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In genertd, a ~ tith a high value of q“ (see eqs. (7) and
(13)) is most likely to be affected by aeroelasticity (see fig. 2)
and, for a given value of g*, swept ivings are much more
likely to be tiected by aeroelasticity than unswept ones.
(See fig. 2 and eqs. (9) and (14).) CImsequently, the follow-

ing wings are most likely to be subject to aeroelastic phe-
nomena, provided they are designed on the baais of strength
considerations alone:

(1) W- operating at a high flying speed or high dynamic
pressure

(2) Swept wings
(3) Thin wings
(4) W~ designed for a low ming loading
(5) Unswept and moderately swept wings with an elastic

axis relatively far back on the chord or likely to fly in a
condition in which the section aerodynamic centers are
relatively far forward on the chord

(6) WM operating at a Mach number at whi~h the lift-
curve elope is relatively high

For given wing loadings and given wing areas, some
aeroelastic phenomena of wings designed on the baais of

. strength considerations alone appear to be substantially
urmflected by changes in the taper ratio-for instsm-e, the
spamvise shift of the center of pressure and the dynamic
pressure required for divergezye. (Ji the case of the dynamic
pressure required for divergence, the parameter q“j (fig. 4),
the root stiffness, and the root chord decrease with increasing
taper ratio, md the net effect of taper is small.) On the other
hand, the change in the lift due to aeroelastic action is more
sensitive to the taper ratio; it is more significant for wings
with high taper ratio than for wings with low taper ratio.

The effect of aspect ratio on aeroelastic phenomena tends
to be small for unswept wings of a given wing area, be~use
these phenomena are determined largely by the magnitude of
the parameter Q*,which is independent of the aspect ratio for
a given wing area. For the aeroelaetic phenomena of highly
swept wings, however, the parameter ~ is more significant.
This parameter is proportional to the swept-span aspect
ratio for wings of a given area. (3mssquemtly, with a given
wing area, taper ratio, and design TV@ loading, the aero-
elastic effects of swept wings tend to be more pronounced for
wings with high aspect ratio th~ for those with low aspect
ratio. This statement is particularly tie for the shift of the
aerodynamic center, because a given spamvise shift of the
center of pressure nisults in a much greater chordwise shift
in the case of a swept wing of high aspect ratio than in the
case of a swept wing with low aspect ratio.

STRUCTURAL WEIGHT ASSOCIATED WITH” THE lZEQUIRED STIFFNESS

When a given wing hae been shown to be subject to un-
desirably large aeroelaetic effects (by means of the charts of
this report or by any other method), the problem arises how
to distribute tie additional required stitbmss. If, for
instarm, the dynamic pressure on an unswept wing is within

10 percent of the dynamic pressure required for divergence
and a margin of 20 percent is desired, an increase of 10 percent
in the torsional stiffness along the entire span will produce
the desired result. The question remains, however, whether
stnictural weight cw.i be saved by increasing the stiffness
more than 10 percent in some places &d leas in others.

Some Might into this problem may be gained, at leaat
insofai aa the aeroelastic phenomena considered heroin me
concerned, born aeroelaefic and weight calculations that have
been made for a family of somewhat arbitrarily eelocted
stiflness distributions which diiler from the distribution
required by the constant-stress criterion. The ratios of the
local stiflnewes to those awwciated with constant stress me
shown at the top of figure 14. The structural-weight factor
~m is shown for two of these stiffness distributions as a
function of the taper ratio. The functioh ~u is proportional
to the weight W, of the primary load-mrrying structure and
depends on the manner in which the wing .@fnee-s and thick-
ness are distributed along the span. (See appendix B,)

The results of the aeroelastic calculations for w@ga wit~
taper ratio 0.5, constant wing thickness ratio h/c along the
span, and these two stifhmss distributions are included in
table 2 and figures 5 (b), 7 (b), 9 (b), and 11 (b). The
designation “excess strength” in these figures refers to the
stiffness distributions increpsed over the consthnt-stress
requirement, as show-n h figure 14, with n value of u= 2.0,
The results of the aeroelastic calculations for tbo stifhwsa
distributions decreased below the constant-stmse require-
ment to a value of u=O.6 are the same m those for the
constant-stress stiflhxw distributions for wings with linearly

W)t 0.5. .varying wing thickness ratio and —=
(h/c),

The results of the weight calculations and the aeroelastic
calculations may be combined in several ways. The dynamic
pressure at divergence, for instance, can be varied by changing
the bending and torsional stifluesses uniformly along the
span, by leaving the stifi%esses at the root unchanged and
varying the stitTnessdistribution in a manner similar to that
indicated at the top of figure 14, or by a combination of the
proce9se9. A speciiied ‘dynamic pressure at divergence can
therefore be obtained as the result of many combinations of
root stifl?nessm and sti.tlness distributions. Figure 15 (a)
consists in essence of a plot of the structural weights asso-
ciated with combinations of this type against the tip stillness
ratio u for a specitied dynamic pressure at divergence, This
figure indicates that the least weight is associated with
values of the tip stiffness ratio greater than 1, Sin&rly,
figures 15 (b) and 15 (c) consist in essence of plots of the
structural weights associated with various combinations of
root stiffnesses and stiffness distributions required for shifts
of &10 percent in the spanwise center of pressure at CL
specitied dynamic pressure. Figures 1S (b) and 15 (c) also
indicate that the structural weight is least for values of tho
stiffness ratio cogreater than 1.

.
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FIGURE 15.—The effect of the tip stifTnees mtio on the structural
weight required for a given dimxgence dynamic pmmue or given

shifts in the spamvise center of preasum of wings with tapm ratio 0.5.

The significamcaof figure 15 is that, if a given wing designed
on the basis of strength alone needs to be stifi%ned for
aeroelastic reasons, most of the stiffening material should be
added in the outboard regions, provided the weight of the
material other than that of the primary load-carry@ struc-
ture is unailected by the stMening process. In fact, on the
basis of aeroelastic. considerations alone, weight might be
saved in some cases by removing material horn the root and
adding material at the tip; needless to say, however, strength
requirements would be violated by this procedure. Just
where the material should be added in’ the outboard regions
cannot be said on the basis of the calculations made for
figure 15, since these dctiations =Ume WY mod.ifi~ti~ns
to the Constantistr- stifbmss distributions to be made as
indicated at the top of figure 14. Howeverj it appears
unlikely that great weight savings can be had by using modi-
,fications which diiler substantially tim those of fhzure 14.

SOME11~ CONCEIZNING= A13ROISOCLlNlCIVING

The term “aeroiso”tic” refers to wings which deform
under an mrodynamic load insuch a fashion that the angles

of attack of all sections relative to the free stream remain
unchanged. Such a wing his the advantage that its aero-
dynamic loads do not change under aeroelastic action either
in magnitude or in distribution; its aerodynamic center, for
instance, is unchanged, and the wing cannot diverge. Tho
achievement of such “section aeroisoclinicism” is very difE-
cult and can be realized only by separate variation of the
bending and torsion stiffnesaes; even so, the aeroisoclinic
condition obtains for only one type of aerodynamic loading
condition at one Mach number. However, an overall type
of aeroisoclinicimi in which bending and torsion notion tend
to cancel for the wing as a whole is relatively easy to achieve.
This overall type has, for practical purposes, the same
advantages as section aeroisoclinicism, in that the aero-
elaetic phenomena considered in this report tend to be
negligibly small for such a wing.

A may be seen from figure 2, at a small positive value of
the parameter k the values of the parameter Q* for diver-
gence as well as those for given shi% in the spanwise center
of pressure tend to Hty. This particular value of k
represents iwoisoclinic wings in the overall sense; from
equations (18) and (19) it-may be seen to be the reciprocal
of the value of Kz given in table 2. Hence, from the ddinition
of k (eq. (9)), . .

St (mr ~m ~ _ 1——
elcr (El), K, (33)

with the implication that the distributions of the stitlncss
are of either the & or the constant-stress type and that K
pertains to either of these types and to the appropriate taper
ratio. Equation (33) indicates that, for a given plm form
with assigned values of ~t, G, and A, the disposable param-
etem for the achievement of aeroisoclinicism are the elaatic-
axis location e, which enters into the parameter el, and the

. ~; the aerod~amic center is not under
‘oo&stiw ‘at’o (E~,
the control of the designer to ~y appreciable extent,

A decrease in the torsional stiffness can sometimes be
effected without decrease in the bending stiilnew or impair-
ment of the strength charactmistica of the wing, and overall
aeroiaoclinicism may be achieved in this manner for swept-
back wings. Or, if mrbisodinic conditions are considered
at the outset, a wing can be designed with the elastic-axis
location relatively far back (in the case of a sweptback wing)
or forward (in front of the aerodynamic center, in the cme
of a sweptforward wing) in order to achieve aeroisocliniciem.
However, the fact that only certain types of aeroelaetic
phenomena are considered in this report must be kept in
mind. Locating the elastic axis far back or decreasing the
torsional stiihess, for instance, may lead to flutter difEcul-
tiea, the solution of which may require excessive mass
bahmcing of the wing m a whole.

EELkON OF THE OHARTS TO DESIGN PROCEDURE

The first step in the design of a wing structure, once the
wing geometq and the. overall airplane oharacteristiw
have been decided uppn, usually consists of a rough appor-
tioning of structural material along the span in a manner
intended to satisfy strength requirements approsinmtely.
At a later stage in the dtign procedure the structure i~
checked for aeroelastic effects and motied, if nocesmry,
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The modifications are then checked again, and so on, until
both stifhess and strength requirements are met with what
is believed to be a near-optimum structure from weight
considerations. The charts of this report may be used to
facilitate the procedure at several stages.

At the very outset, the prelimina~-survey charts can be
used to establish some overall aemelastic characteristics of
the wing structure that would be obtained by designing the
wing for strength alone. If these characteristics are satis-
factory, the design of the wing structure can proceed on the
basis of strength requirements alone. The final design can
then be checked for the aeroelastic eflects considered in this

reportby means of the charts contained herein, and for other
aeroelastic effects, such as flutter and loss of lateral control,
by equally approximate methods. However, if the pre-
Iiminwy survey indicates that a wing designed on the basis
of strength alone would be unsatisfactory from consideration
of aeroekisticity, sufficient additional stiffness may be incor-
porated in the preliminary design stage, provided the ~per
ratio does not difl’er greatIy from 0.5 and the wing thicknees
ratio is constant along the wan. l’ortitallce, the preliminary-
survey charts may indicate a shift in the spanwise
center of pressure which gives rise b a shift of 4 percent in
the aerodynamic center; whereas the desired mtium shift
is 2 percent, so that the spanwise shift must be reduced .to
50 percent of that indicated on the preliminary-survey chart.
The shifts in the spanfie Writer of pressure for a wing with
increased stiffness at the tip (the “excess strength” case, for
which 0=2,0) and for a wing with decreased stiffness at tie
tip (the wing with w=O.5, for which the results of the case of

‘h/c)’=O 5 may be used)” can then be obtained from @me
m, “

9 @) and equation (32), in conjunctionwith the valueof the
dynamic pressure at divergence estimated horn equation (18)
or (19), The fact that the wings with ~=2.o and u=O.5
have different dynamic pressures at divergence than does
the constant-stress wing must be kept in mind.

From the shifts of the spanwise center of pressure @-
culated in this reamer the value of a for the desired spanwise
shift can be obtained by interpolation and, hence, the approx-
imate magnification factors to be applied to the stiffness
distribution for constant stress can be obtarned from the
chart at the top of figure 14. Estimates for the other
neroelastic chmacteristim considered in this report can then
be obtained for the wing with this modfied sti.flneesdistribut-
ion by interpolating between the results given for these
characteristics for wings with 0=0.5, 1.0, and 2.0; that is,
for the cases referred tn, r&pectively, as

(W)t_o.5
(h/c),

.
@r=l.o

and
(h/c),
—= 1.0 (excess strength)(h/c),

\

in table 2 and &yres 5 (b), 7 (b), 9 (b), and 11 (b). Once
the structure of such a wing has been designed, the various
aeroelastic effects considered herein should be checked by a
more accurak method, such as that of reference 1, and the
loss of lateral control and the flutter characteristics should
be calculated.

CONCLUDING REMARKS

Charts have been presented for the estimation of aero-
ekiatic effects on the spanwise lift distribution, Iift-curve
slope, aerodynamic center, and damping in rolI of swept
and unswept wings at subsonic and supersonic speeds.
Two types of stiffness distributions have been considered:
one which consis& of a variation of the sti.tlnew with the
fourth power of the chord and is appropriate for solid wings,
and one which is based on an idealized conbtmt-streeg struc-
ture and is believed to be more nearly representative of
actual structures.

The limitations of these charts are that they do not apply
to wings with very low aspect ratio or very large angles of
sweep nor to wings with large sources of concentrated aero-
dynamic foices. The charts are likely to be less reliable
for wings with zero taper ratio than for wings with other
taper ratios and less reliable when the component of the
Mach number perpendicular ti the leading edge is transonic
than when this component is either subsonic or supersonic.
Wings with laxge discontinuities in the spanwise distribution
of the bending or torsional stiffnesses cannot be analyzed
directly by use of the cliarts, but a means of making approxi-
mate calculations for such wings has been presented. No
charts have been presented for inertia eflects but a method
of estimating these etlects has been “outlined.

In addition to facilitating the calculation of various static
aaroelastic phenomena, the charts serve to simp~ design
procedure in many instances, because they can be used
at the preliminary design stage to estimate the amount
of additional material required to stifFen a wing which is
strong enough and because they indicate that the best wa~
of distributing this additional material is to locate most
of itnear the wing tip.

Also, the charts facilitate the achievemmt of aeroiso-
clinic conditions, !rmsmuch as -they serve to deiine a simple
relation between the elastic-axis location and the- wing
stifFnees ratio whi& is required to obtain this condition
for a given plan form. Mmd.ly, the charts indicate that a
wing -which is strong enough is most likely to be affected by
aeroelastic phenomena if it is b operate at high dynamic
pressures, if it is din, if it has a large angle of sweep, if it is
designed for a low wing loading, if it has ah elastic-axis
location relatively far back on the chord, and if it is to
operrite at transonic or high supersonic Mach numbers.

hNGLEY AERONAumCAL LabOratOry,

‘NATIONAL ADVISORY COU~EE FOR J1.ERONAUTICS,

LANGLEY J?IELD,VA., i5%pter@0 1$, 1961.
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APPENDIX A
METHODS OF CALCULATIONS ON =CH THE CHARTS ARE BASED

.

THE AEROELASllC EQUATIONS

The methods of calculating aeroelastic phenomena used in.
preparing the charts of this report are based on the fo~owing
assumptions: -

(1) Aerodynamic induction is taken into account by apply-
ing an overall correction to strip theory and,’ when matrix
integrations are used, by rounding off the remdting load
distribution at the tip.

(2) Aerodynamic and elastic forms are based upon the
assumption of small deflections.

(3) The wing is clamped at the root perpendicular to a
straight elastic axis (see fig. 1), and all defomnations are con-
sidered to be given by the elementary theories of bending
and torsion about an elastic axis.

Iil keeping with assumptions (1) and (2), the force per unit
width on a wing section perpendicular to the elastic axis is

(Al)

where a, and az are, respectively, the angIe of attaok due “to
structural deformations and the &id-wing angle of attack,
in planea parallel to the plane of symmetry. (The geometri-
cal angle of attack is considered to be constant along the span
in equation (Al); in the case of linear twist the coefficient

CAm;h ~d fi~d of CL=.) The ~WW of this form about

theeelastic axis is .?eIcfor uneambered sections.
The integral equations for the accumulated torque and

the bending moment are

J.T= 8’le,c da
8

iu=~’~ldaik

(A2)

(A3)

and, insofar as assumption (3) holds, the angles of structural
twist and bending referred to axes parallel or perpendicular
to the elastic axis are

(A4)

Jr= ‘~luda (A5)
o EI

The angle of attack due to structural deformations is related
to p and r by the equation

~=p &sA—r sin A (A6)
782

Combining equations (Al) to (A6) gives two simultaneous
d.iilerential equations:

w’%)=-144 [CL=%+ CL=,(P Cos A—r Sin A)] (A7)

()
$ EI$ =x144 [CL=%+ CL=,(9 C.os A—r Sin A)] (AS)

These equations are subject to the following boundary
conditions:
Zero twist and bending at the root,

$0(0)=0 (A9R)

r(o)=o (A9b)

Zero torque, moment, and shear at the tip,

()QJ~ =0
ds 8-8,

EI~ ~,,=0
()

(Er$a-8t=0

(AIom)

(Alc)b)

(Aloc)

In the following sections, equations (A7) imd (A8) are
solved explicitly for an untapered wing with constant stiff-
ness along its span and by matrix integration for a wing with
any arbit~ stdlness and chord variation.

SOLil’IIONSFORUNIFORMWINGS

Arbitrary geometrio angle of attaok.-If the torsional
stiflnw, the bending stiffness, and the chord of the wing
have mnstant valuea (W)., (Elj,, and G, respectively, along
the wing span, equations (AT) and (A8) become

[
p“ cos A= — (f ; az+(q cos A–r sin A)

1
(All)

I“” sin A=–~
[

+ %+(P cos A—I’ Sill A)1 (A12)

where the Mlerentiation denoted by the primes is with

rea&ot h f=l—~ and the dimensionless parameters q* and

ij are deiin~ by
cL=,qt@8~ COS A

!?*- 144 (QJ),
(Ala)

Cz=6qc#$3sin A

~= 144 (El),
(A14)
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Ditlerentinting equation (All) onto with respect to ~ and
combining it with equation (AI2) yields the single dii?erential
equation

r

~+? :a;”+ q*lY8’-~a*= – q* a: (A15)

(The factor ~ is used with a. for the sake of consistency,

despite the fact that a geometrical angle of attack which is
constant over the span does not have a spanwise derivative.)
Equation (A15) is subject to the following boundary
conditions:

l?rom equations (A9a) and (A9b)
.

4(1)=0 (A16)

From equations (AIOa) and (AIOb)

a,’(0)=0 (A17)

l?rom equations (A1OC) and (All)

w“ (o)=— q*
[

~+a, (0)] (A18)

where functional notaAion is used, so that, for instance, a, (1)

mcms the value of a, at ~= 1.
The solution of equation (A15) can be effected very readily

by mama of Laplace’ transforms. The complete solution of
this equation is

Hm (g)-H(i)
@ (o-j,(l) f3 (A19)

where the integral H(t) is defined as

(h functiomj,, j,, and j, aredefined@

where –2/? and @+i~ are the roots of @+g*r—~=0 and

4p
0’=9f?2+’?

3P’+?

‘ ‘“e
.

C7=9B21+T2
,

C8=–C7

The condition for divergeime is that a, be finite when ~ is
zero along the entire span. As can be seen horn equations”

(A19) and (A20), divergence can occur only when

j,(l)=o (A22)

q the valueThus, for a particular value of the parameter k=~

of q* (or ~) at divergence ~ the one which satistb equation
(A22).

Constant geometrio angle of .attack.-For the additionrd-
type angle of attack, a.(t) =Constant:

and

For lift distributions based on assumption (1) given at tie
beginning of this appendix, the lift per unit width of span
may then be written as

The wipg lift coefficient, the wing-root banding-moment
coefficient, and the wing-root twisting-moment coefficient am
given in general by

(A25)
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tl.ikfr
C,=pb

Then, for the uniform +ing,

-2f5(J)
fa(l)

and

(A26)

(A27)

(A28)

(A29)

Linearly varying geometric angle of a&ok.—For the
linear-twist@pe angle of attack, ~(~)= (l–$)%,, the factor
Kisl, and

H(a=a.(E)– [f3(E)-f4(Olaq (A30)
so that

f4(l)=f~f3(o–f4(’9 (A31)

The ratios of the wing lift, wing-roo% twisting moment, and
wing-root bending-moment coefficients to their rigid-wing
values are then, on the basis of assumption (l),

C.w-z–J 1%(~+at(~d~
C.=o o %

‘2 ~- f4(l)–fdl)]

c, I :aJ$+c@ d~df

SS~=3o 0 a%

{
=3 ;- fro-; [fa(l)+g”fw)-ll}

and

“c. CL.

~– CLWO

as in the preceding seotion.

(A32)

(A33)

FOR AERONAMCS

SOLUTIONS FOR NONUNWORM WINGS

Equation (Al) may be written
reference 1 as

{ 1}=+ CLa,~c]

and equations (A2) and (A3) as

{T}=%[lq{ze,c},

in the matrix notation of

{}
a,+? (A34)

(

‘lgl{{a,}++{%}} (A36)— q CL=,Cfi?[I.l’l ~,
144

where the mad-x [1’] performs an integration of the running
torque Zelc from the tip inboard, and the matrix [11’] per-
forms a double integration of the running load from the tip
inboard. These matrices are derived and given in reference
1. They are based upon Simpson’s rule with a modification
at the tip, where the load distribution is assumed tQ go to
zero with an infinite slope at the tip.

Equations (A4) and {A5), writte~ in matrix notation, are

1 1(~ar{ql]{q}=&[Z-l”~ (A37)

(A38)

where the matrix [l’j” serves to integrata the accumulated
torque or bending moment outboard from the wing root.
This integrating ma&ix is based upon Simpson’s rule without
the tip motivation and is given in reference 1. .

The substitution of equations (A36), (A36), (A37), and
(A38) in the matrix equivalent of equation (A6) yields

{ 1{G)=g*[Al {a,}+~{a.} “ (A39)

where the aeroelastic matrix [A] is defined by

The parameters q“ and ~ are de~ed by equations (A13) and
(A14), respectively, and

When a. is zero along the entire span, equation (Aw)
becomes

{a, }=q*[A]{a,l . (A41)

Consequently, for a particular value of k, t@ yalue of Q*
at divergence em be found by the iteration of the aeroelastic
matrix [A].
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Equation (A39) maybe rearranged as follows:

[[l]–q”[zl] ]{%+% }={a.} (A42)

The set of linear simultaneous equations represented by
equation (A42) may then be solved for the total angle of
attack ~w+ a~ in terms of the values of az along the span.

The integrations in equations (k25), (A26), and (A27)
may be performed with the fit rows of the [~’1 and [11’]
matrices. Thus

and

(A44)

(A46)

The neroelastic characteristics of uniform wings were
calculated by both the direct method of the preceding section
rmd the matrix method given in this section. The values of
the divergence parameter q*=, calculated by the direct
method, were found to be about 5 percent greater than the
corresponding values calculated by the matrix method.
This discrepancy can be shown to be ahnost entirely due to
the rounding off of the loading of the wing tip in the matrix
method. The differences between corresponding values of

a, %, ~, and OT
—) —
% OLWO 0,0

~ are negligible.
To

COblBINA~ON OF REbULTS

The forms of the approximate formulas used in combining
the results of the many computations indicated in the anal~is
were obtained by considering n highly idealized semirigid
wing; that is, a wing which is rigid along its entire span but
can bend and twist at the wing root subject to the restraint of
a bending and a torsion spring.

If it is assumed that the two mriwz constants correspond

to ~ and @% the value of g; at~vergence is given by
St s/

the simple formula

(A46)

where the factors K1 and KZ depend on the taper ratio and
the spanwise variation of the stiffness. As shown in reference
2, this formula serves as a good approximation to the calcu-
lated values of g*~.

For the semirigid wing, the ratio of a, to a. is found to be

dbproportional to —. In order to adapt this expression
1–:

to the flexible wings considered in the present analysis, the
following approximate expression was found to provide
satisfactory correlation:

as 1.@@_ (j+~ W)—=. (A47)
ffrt K 1–:

where j and Aj are functions of the spanwise inordinate S*
and the wing-chord and stiilness variations; ~ is a function
of the parameter k and the wing-chord and sti.fhms varia-
tions. The functions j, Af, and 1’ also depend on the type
of spanwise variation of the geometrical angle of attack, the
subscripts 1 and 2 being used to distinguish between the two
type9 of interest. The accuracy of equation (AA7) is
illustrated in iigu.res 16 and 17.

If equation (A25) is used for the wiag lift coefficient (with
~ replaced by s“) and equation (A47) for the angle-of-attack
distribution, the wing lift coefficient may be expressed as

q= CLWO+ CLWOCLW=V — (A48)
1–J&

or

..-
Oimensionks diitonca ala-q spin,s*

FIGURE16.-Comparison of angle-of-attackratios cahndatedby the
matrix method of appentix A with those caloulatadfrom equation
(20) for constantgeometxicanglesof att.mkat various dynami~
pressuremtios. A=O.5; ~=8; stMnessesproportionalto d.

.,

s21000-G~o
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g- .4

~
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Oimensicmb$ distance al&q swn, 5* -

..-

Fmum 17.—Compar&on of a@+6f-attack ratios c.alctited by the
matrix method of appenck A with those calculated from equation
(2o) for constant geometric angles of attack and for various values

of the parameter k. x=O.5; —=-~~ ~; stiffness3a proportional to d.

where the parameter

c.
~ are functions of k and of the wing-ohord and

‘0 ‘it y and CL

stiflhess variati%m and depend on the type of geometrical
angle-of-attack distribution as well.

As indicated by equation (A47), wi-ti the approximation
inherent in that equation, the shape of the spanwise distrib-
utionof a, does not vary with dynamic pressure. Therefore,
to a good approximation, the lateral center of pressure of the
lift due to cu (as well as that due to a.) does not change ita
position along the elastic axis when the dynamic pressure
changes. The following approximate formula for the wing-
root bending-moment coefficient may therefore be deduced
from equation (A48):

(A51)

where. 3.* and &* are the dimensionless moment arms about
the effective wing root of the lifts due to a, and % and are
defined by

and .

–~ (1–pv)
CB_l qD

Go– ~_&

(A62)

qD

where P is defined by

(A63)

c,
— is a function of the parameter k, of the taper ratio,

m ‘at C,.
and of the stifhmss dis~butions; it also depends on the type
of geometrkd angle+f-attack distribution.

An approsimat8 - formula for the wing-root twisting-
moment coeiiicient may be deduced from equation (A48) as
follows:

L

q= CL=o+~lz~Lwo~T=~18v — (Afi4)
1’J

–G

where 71, and Zlz are the effective dimensionless moment

arms about &e elastic axis of tie lifts due to a, and ag rmd
are deiined by

and

Then

—~ (1—VT)
CT_l qD

Go– ~_&
(A66)

qD

where

(A66)

CT
.

— is a function-of k, the taper ratio, and the stiflness
w bat 0,0

&stributio-& and also depends on the type of geometrical
angle-of-attack distribution.
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The values of V, P, and ~ are given for tie two &pSS of
geometrical angle-of-attack distributions in figures 9 and 11.’

.l?igure 18 shows the approximate formulas (A49), (A52),
and (A65) to be in good agreement with more accurately
computed values.

The foregoing approximate formulas for the structural
angle of attack and for the lift, bending-moment, and
twisting-moment coefficients are not applicable to wings with
zrxo taper ratio. An attempt was made to combine and to
systematize the results calculated. for such wings in the
manner employed for wings with other taper ratios, but the
approximate formulas obtained in this way were found to
yield unreliable results. Consequently they are not pre-

sented in this report; instead, the results calculated for the
wings with zero tapei ratio are presented directly in figures
6, S, 10, and 12. T?IGUBE 18.—Compariaon of lift- and momen~ffioient ratios for

oonstant gsometrhanglesof attackcalculatedby themati~ method
of appendixA with thosecdmlated from equations(26), (27), and
(28). ~=0.5; k=8; tinessw proportionalto d.

.

.

,

.



APPENDIX B ‘
STIFFNESS DISTRIBUTION OF CONSTANT-STRESS ~GS

OUTLINE OF CONSTANT-STRESS CONCZPT

In order to calculate aeroelastic effects, the bending and
tomiomd sti.fbesses of the wing structure EI and UJ have to
be lmown. These stiffnesses enter the calculations in two
ways. The root sti.llnegses,as indices of the overall bending
and torsional stiilne.sses, constitute primary parameters
which are required in the use of the charta of this report but
were not required in the preparation of the charts. On the
other hand, the stiffneks distributions-that is, the ratios of
the local stiffnesses along the span to the root stiffnesxw-are
secondary parameters which are not required in detail in the
use of the charts but did have to be assumed in order to pre-
pare them.

In calculations preliminmy to the actual design of the
structure, the bending and toraiomd stiffnwses of the struc-
ture are not lmown; they must be estimated on the basis of
either past experience or considerations of an idealized struc-
ture. l?or the purpose of estimating stiflness distributions,
past mperience with similar structures is likely to be a useful
guide in any specific case but does not lend itself to generali-
zation and hence to the preparation of generilly applicable
charts. The stillness distributions (other than those which
vary as the fourth power of the chord) used to prepme the
charts of this report have been obtained from considerations
of an idealized structure, as outlined in this appendix.

Basically, the method of this appendix consists in an effort
to relate the stifhess of a wing to its strength and to estimate
that strength on the basis of certain assumptions. The
fundamental assumptions are that the ben~ and torsional
stresses are constant along the span and that the applied
Ioadingis proportional to the local chord. The other assump-
tions concern the bending and torsional stresses caused by
this load and their relation to their sdlowable values. In
estimating these strews the structure is assumed to be
essentially of the thin-skin, stringer-reinforced shell type.
Certain effectivenws factors are used-for instance, the ratio
of the allowable torsional straw to the allowable bending
stress, or the ratio of the cross-sectiomd area of the effective
torsion cell to the product of the chord and the wing thick-
ness. The root stiilnesses e+imated by the method of this
appendix depend directly on the values of these ratios. The
stiffne~ distributions, on the other hand, are largely inde-
pendent of these ratios but imply the assumption that the
ratios are approximately constant along the span. Conse-
quently, the constant-stress concept used in this appendix is
more likely to furnish useful results for stillness distributions
than for the mot stifhmsses, and, because of the type of
structure assumed, the concept is not applicable to very thin
wings.

788

ASSUMZD APPLIED LOADS

If the applied normal load is distributed in a manner
proportional to the chord, that is, if

l=Kc “ @l)

the bending moment at any point on the span can be obtained
by integrating the chord distribution asfollows:

‘=K(%)IX’’8*”*
where S* is the dimensionless distance along the reference
axis measured from the effective root. Simihrlyj the total
normal load on one wing is.given by

If the wing is linearly tapered, so that

C=cr [1—(1—A)8~ @2)

where the taper ratio A is defied by

then the ratio of the bending moment at any point of the
span to the product of the total normal load and the wing
semispan less,one-half of the fuselage width can be eqresmd
a9 fOllows:

M
p b’/2 =j, (s*,A)

cos A

where the function js of S* and h is deiined by

(B3)

(334)

and shown in figure 19.
similarl~ if the moment arm of the normal load upplied to

the wing at any station is also proportional to the chord, tlm
constant of proportiomdity being el, the distributed torque
at any station is then elcJ, and the accumulated torque is

which may, in turn, be expressed as

$p=f7(8*, ~)

(m)

(B6)
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where the function -fTofs* and A is defined by

[

4 1+X+X* (2+X) (1–A) ~.+(l–xy 1f7=3 (1+X)2 - (1+A)2 — S*’ (1–6? @7)
(1+x)’

and the average chord Z is defied by

The functionj, is shown in figure 20. ‘

The total normal load on one wing ~ can be estimated
from the design gross weight and the design load factor of the
airplane in the following manner:

P=$ (Lu–nWw) (139)

If the fraction of the wing lift to the total lift carried by the
airplane (including that of the fuselage and tail) is designated
by q,, SOthat

L.
‘l—Ltofa~

——

.5

.4

.3

~

.2

.1

0 .1 .2 .3 .4 .5 .6 .7 .8 .9 LO
DimmsMess s+mw”se dls40nce, @

FIGUBD 19.—The hnding-moment funotion js.
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FIGURE 20.—The tmistiig-moment funotion ~T.

and the fraction of the wing weight (including the amount of
fuel, ehrnal stores, and so on used in the critical design
condition) to the total design gross weight is designated by

72)
w.

“=-m

then equation (139) may be written as

P=; ,3.W @no)

With the value of 1’ given by equation (3310), equations (133)
and (B6) serve to express the local bending and torsional
moments in terms of bow-n design parameters.

-CTIVE SKIN~CENI13S llEQUIRZDTORZSISTAPPLUNlLOADS

The wing structure has to resist both the applied bending
moments and the applied torques; in other words, the load-
carrying membars must resist combined axial and shem
stresses. A relation commonly used in the design of wing
structures loaded by compressive and shear stresses due to
bending and torsion momemts is

where $ is the applied bending stress.,~~ the applied shear
stress, FB the allowable (compressive) bending sim+s, and F~
the tdlowable ah= stress. However, a similar relation,

(ml)

is somewhat conservative and much more convenient for the
present purpose and, consequently, is used as the basis of the
follo~g development. If the makgin of safety ia not zero,
equation (I311) can be rewritten as

(B12)

where q4is an effectiveness factor which can be expressed in
terms of the margin of ’safety (M. S.) as

1

‘4=1+M. S.
(B13)

The applied bending strem is

fb=~ (B14)

where z. is the maximum ordinate on the compression side
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measured from and normal to the chordwise principal axis.
siiady, the applied shear strass is

ft=& (1315)

where 2 is the cross-sectional area of the (a9sumed) single
torsion cell and t is the skin thiclmess on the compression
side. Substitution of equations (B14) and (B15) into
equation (B12) yields

.
@16)

In order to relate the bending and torsion stillness of the
wing to the skin thickness t or to an equivalent thiclmeas t.

which includes the material in the stringem and spar flanges,
the bending stress is assumed to be carried by a box covered
with sheet of an effective thiclmess t,, the webs are assumed
to carry no bending stress, and the tomion stress is ss.swrned
to ‘be resisted by an equivalent single cell, the two webs of
which contain dl the material of the actmd webs. The tor-
sion and bending moments of inertia may then be written as

and

h’t= ql~c
.() 5’

(B17)

@18)”

where the effectiveness factors qr to qls are ddined in table
1. In the factor q~, the eflective perimeter ~ of the tomion
cell is the sum of the lengths of skin mound the peci.meter,
each weighted by the ratio of the thickness of the critically
strewed element to the thickness of the given length of skin.

When the value of I given by equation @18) is substi-
tuted into equation (B16), equation @16) maybe written as

[

h’”
t*= Mz ()1T F. ‘“c ~

h’
()

l+X?% 2&* (B19)
. FB7j4q15.c~

By making use of equations (133), (B5), and @lO), as well
as the effectiveness factors ql~ to w defied in table 1,
equation @19) can be written as .

The factir js is detied in terms of the factors ja and j, given
by equations (B4) and (B7) as

The function j~ is shown in figure 21.
.

(B21)

.28

.24

.20
, Y. , , , , ,

Ei
,

I
l!!!!!!!!!]

o—-— ‘“

.16

~

.12

.08

.04

0 .1 .2 .3 .4 .5 .6 .7 .8 .9 1.0. .—
oiri&.sk3niesssponwis$ diifance. s*

FI~URH21.—l%e moment-ratiofunctionfe.

BENDING AND TOBSIONAL STIFF’NBSSES

Substitution of the value of t, given by equution (3320)
into equation (B18) yields an exprcasion for the bending
moment of inertia I or for the bending stiffnees EI at any
point along the span. The value of this stiflness at any
point on the span may be divided by the stiffness at tlm
wing root (EI),. This ratio can then be expressed as

=& fo(8*A y)

where “

(B22)

@23)

The fimction f,isplotted in figure 22. The value (.131),may
be obtained f&m equations @18) and @320) as

.

-–cr’i’’(3,F@F)’24)(EDr=tM :B‘8W
where

(1325)

The function F, is shorn in figure 3 as ~ function of A with

~
A* as the paramet8r.

SrniIarly the torsional stiffness QJ may be obtained by
substituting the value of t, given by ~equation @320) into
equation (B17). However, from equations @17) and @18)
the ratio ‘of the torsional stiffness to the bending stiffness
may be obtained in the form

(B26)
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FI~URE22.—Thestiffneasdistributionfunction39.

This equation shows that the ratio QJ~I is constant along
the span within the framework of the constanfistress con-
cept. Equation @26) may, therefore, be interpreted as an
exqmessionfor the value (7J/13’Iat the wing root, bat is, for
the value (t?J),/(131),. The torsional sfiess at any other
point on the span can then be obtained from equation @22),
s“mce

(7J EI— .—
(W),, (El-),

(B27)

because (7JI’EI isconstant over the span.
The stiffnees ratios QJ/(QJ)r and EI/(EI), can be ob~

tained directly flom iigure 22 when the thicknem ratio h/c
of tho wing is constant along the span; if the thiclmem ratio
is not constant, the factor jg obtatied from fi~e 22 must

‘/c tany stationto obtain thebe multiplied by the ratio m a
.,. .

stiffness ratio at that station. As may be seen from figure
22, the function $9 does not vary much with the parameter

‘~l; this parameter represents the additional, amount of
AA

skin thickness required to car~ the torque (see eqs. @19)
and (3320)), and this additional thickness is small for most
conventional wing structures. Consequently, an average

value of ““1~=0.03 was used to obtain the stiflness distri-

butions used in the aeroelastic calculations on which the
charts of this report are based.

Equation (B22) shows that, once a value has been assumed

~, the stiffness ratios E.I/(EI), and QJ/(QJ),
‘or ‘ho ‘om AA

me independent of the effectiveness factors used in this
analysis. Therefore, specfic values of these parameters need
not be known in order to estimate the stfiess distributions,
but one of the assumptions on which equation (J322) is based

is that whatever values the effectiveness factors have are
nearly constant along the span. In order to estimate the
value of (E& however, these factors must be known, since
they enter directly into equation @24). Estimates of (EI),
and (@J), obtained in this manner are, therefore, subject to
all the limitations imposed by the approximations .of the
constant-stress concept. Hence, some judgment must be
exercised in using these estimates, and, if possible, they should
be modified in the light of experience. -

STRUCrUEAL WEIGHT ASSOCIATED WITH THE STIFPNE9S DISTRIBUTION

The increase @ structural ~eight associated with a given
increase in stiffness can be estimated on the basis of assump-
tions similar to those made in relating the stiffness and the
strength. l?or the purpose of this analysis th~ various co-
ponents of the wing structure, exclusive of the carry-through
structure within the fuselage, are classi.iied in two groups:
one which contains the element% that take the bending and
torsional loads due to the assumed loading and one which
contaius all other components. In the first group are

(1) The ainount of top and bottom skin that is used in the
esti.niation of the thiclmews required to withstand the
bending and torsional loads, including stringem and spar
flanges included in the equivalent skin

(2) Webs, including any web stHeners
In the second group are

(1] Skin, stiileners, false spars, and so on, which are not
considered in the estimation of the equivalent thicknesses

(2) Ribs, bulkheads, and posts designed to raise the buck-
lbg strength of the cover sheets

(3) Control surfaces and their supports, attachments,
and actuating mechanisms

(4) The supports of internal stores
This analysis is concerned only with the fit group and,

more specifically, with the relative increase in the weight of
this group occasioned by an increase in stiffness of the main
structure. Means of estimating the actual magnitude of the
weights involved and of estimating the fveights of some of the
items in the second group as well are given in references fj
and 10.

The weight per unit length of the structural elements of the
&t grmip can be written as

where y, is the density of the material of the prima~ struc-
ture (or an equivalent density in the case of sandwich con-

struc~lon),q~lis the ratio of an equivalent perimeter $ to

the actual perimeter of the cell, and ~ is the sum of all the
lengths which constitute the perimeter, each rnulliplied by
the ratio of its equivalent thiclmess to the equivalent
thiclmess t, of the upper cover sheet.

In view of the assumption made concerning the combinat-
ion of bending and torsional stresses, the thickness td re-
quired in equation 0328) can be obtained from equation

‘ (3318) as
41

t,=—
~15chs
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so that

u),=87, ?; ‘

or

III,
~=(h/hr)’ ‘ (B29)

Consequently, the total weight (for both wings) of the struc-
tural elements of the first group can be estimated from the
relation

-EL= ‘ Z&.&*
~, b’/2 J o (h/hJ~
-rcoa A

(1330)

Equation @30) serves te estimate relative changes in the
weight of the fit ~mup of structural elements. II’or instance,
with a given distribution of I and h, that weight is directly
proportional to 1, and inversely proportional to L’. Simi-
larly, given two diflerent distributions of I and h with the
same values at the root, the ratio of the weights is equal to
the ratio of the two values obtained by using the respective
distributions of I and h in the integral of equation (1330).

Although the actual value of ‘W, is not relevtmt to thii dis-
cussion, it miy be estimated by substituting the pr&iously
calculated stiffness distributions into equation @30), and
the result is given here as a matter of general interest:

c,
where

@32)

According to equation (1331), the structund weight is di-
rectly proportional to the design gress weight, load factor,

swepkpan aspect ratio,span, and density of the matmial

of the primary structure and inversely proportional to the

allowable stressand the wing thickness ratio. The depend-
ence of the weight on the taper ratio (all other parameters,
notably the aspect ratio and span, are the same) is illustrated
in figure 14 by a plot of the function FUagainst taper ratio for

several values of the parameter meel
x

and for several ratios of

the wing thickness ratios at the tip and at the root.
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